AN INTEGRODIFFERENTIAL EQUATION DRIVEN BY 
FRACTIONAL BROWNIAN MOTION 



HAKIMA BESSAIH AND CHANDANA WIJERATNE 

Abstract. This paper deals with the weU posedness of an integrodifferential equation 
' that describes a vortex filament associated to a 3D turbulent fluid flow. This equation 

is driven by a fractional Brownian motion of Hurst parameter H > f/2. We prove the 
}—{ ' global existence and uniqueness of a solution in a functional space of Sobolev type. 
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1. Introduction 



The definition of stochastic integrals with respect to the fractional Brownian motions has 
been investigated intensively by several authors, see for example [1], [19], [7], [15] and for a 
more comprehensive introduction to this topic see [6] and [9] . There are two approaches to 
. the construction of such integrals, the pathwise approach that is based on the Riemann- 

\ Stieltjes construction and is due to Young [21] and the rough path approach. While 

the pathwise theory is fairly well understood, it is applicable only for Hurst parameters 
H > 1/2, the rough path theory is receiving a lot of interest, see for example |16j . |13| . 
|10| and the references therein and is applicable for Hurst parameters H > 1/4. 

■ In the present paper, we are using the pathwise argument to solve an integral equation 
which is an approximation of the line vortex equation. In particular, we will assume that 

■ the vorticity field associated to an ideal inviscid incompressible homogeneous fluid in 

■ is described by a fractional Brownian motion with Hurst parameter H > 1/2 and we will 
^T) [ study its evolution through a pathline equation. Let us denote by co this vorticity field 
O ■ then 

a; := V X n, 

where u is the velocity field in M^. If we denote by Xt{^) the position at time t of the 
, . , fluid particle that at time was at x € M^. We have the following path- lines equation 

'-^ = u(t,x,m. (1.1) 

Now, let us assume that the vorticity field is concentrated on a fractional Brownian curve 
as follows 

u}{t, x) = T C 5{x - m{t, 0)dB''{t, 0, (1.2) 
Jo 

where 5 is the usual "Dirac delta function", L > is the intensity of vorticity, ^ G [0, 1] is 
the arc-length, while the parameter t represents the time. Using the Biot-Savart formula, 
the equation (jl.ip becomes 

= £ QiX{t, - B^'it, v))dB"{t, V), (1-3) 
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Here (j) is the initial condition and the matrix valued function Q is the singular matrix 
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For an introduction to this topic we refer to [3], [8], [20], [18] and for a more probabilistic 
approach to [12]. When is replaced by X, the equation (|1.3p has been studied by [2] 
for a smooth closed curve X in the Sobolev space W^''^ and an existence and uniqueness 
theorem has been proved for local solutions in time. Later, local solutions in some spaces 
of Holder continuous functions have been investigated in [5] that have been extended to 
global solutions in [3]. 

In the present paper, we will be dealing with an approximation of equation (jl.3p . the 
approximation will be on the matrix Q, while the study of equation (jl.3p is left for a 
subsequent paper. Furthermore, in order to make the exposition of our results easier to 
understand, we will make the assumption that the function X is a real valued function, 
however, our results will still be true for a vector valued function X. More precisely, we 
are interested in the following integrodifferential equation 

Y{t, = m + f t A{y{s. v))dB''{s, v)ds, (1.4) 
Jo Jo 

where for alH G [0, T] , (t) = {B" {t,C), C e [0, 1] } is a real valued fractional Brownian 
motion of Hurst parameter H > ^, A is a bounded and differentiable real valued function 
with a Lipschitz continuity property, is a parameter in [0,1]. 

Let us describe the content of the paper. In Section 2, we introduce the notions of FBM, 
our assumptions and the functional setting of our problem. In Section 3, we recall the 
notions of fractional integrals and some related a priori estimates that would be used later. 
In Section 4, we introduce the notion of integration wrt to a FBM. Section 5 contains our 
main results about the existence and uniqueness of a global solution for the equation ()1.4p 
with their proofs. 



2. Some preliminaries 

2.1. Fractional Brownian motion. 

Definition 2.1. Let B^ = {B^,r] > 0} be a stochastic process, and H G (0,1). B^ is 
called a Fractional Brownian Motion (FBM) with Hurst parameter H, if it is a centered 
Gaussian process with the covariance function 

Rnh, V) = E[B^{^)B^{v)] = + 7'^ - |r/ - 7p^). (2-1) 

2.2. The integrodiff"erential equation. In this paper we study the following equation. 

^^^1^= j\{Y{t,r^))dB^{t,r^), C G [0, 1] and t G [0, T] (2.2) 

with 

me) = 0(0 

or alternatively, we can consider the integral form 
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Y{t, = m + f t A{Y{s, v))dB''{s, r,)ds, (2.3) 
Jo Jo 

where is a fractional Brownian motion defined on a complete probability space {Q, J-, P), 
(p{(,) is the initial condition and A : M — )• M is a measurable function that satisfies the as- 
sumptions given below. 



2.3. Assumptions. Let us assume that: 
Al. A is differentiable. 

A2. There exists Mi > such that \A{x) - A{y)\ < Mi\x - y\ for all x,y G M. 
A3. There exists M2 > such that |^(x)| < M2 for all x G M. 
A4. For every N there exists M^r > 0, such that 
\A'{x) - A'{y)\ < Mn\x - y\ for all \y\ < N. 

2.4. Functional Setting. Let ^<H <1,1 — H<a<^. We wih introduce the follow- 
ing functional spaces. 

Let C([0,r], T^"'°°[0, 1]) be the space of measurable functions / : [0,r] x [0, 1] ^ M such 
that 

II / |U,oo:= sup sup f |/(t,OI + f < ^- (2-4) 

Let C([0,r],VFo"°'~[0, 1]) be the space of measurable functions / : [0,T] x [0,1] ^ M 
such that 

11,11 f \f{t,o-f{t,v)\ , i/(t,7)-/(t,^)L ^ . ,,,, 

/ i-a,oo,o:= sup sup -3^ + / dj < 00. (2.5 



Let M^"'^([0, 1]) be the space of measurable functions / : [0, 1] — )• M such that 



/lki:=/ i^<i.+ ":'-::;' iUr;<a.. (2.6) 



3. Some a priori estimates 

Since FBM with Hurst parameters H > 1/2 have sample paths that are A-Holder 
continuous for all A G (0, H), the construction of the integral with respect to a FBM will 
be performed using a pathwise argument by means of fractional derivatives and integrals. 
We refer to [13] and [19] for more details. 

3.1. Fractional integrals and derivatives. As usual we denote by LP(a, 6) the space 
of all Lebesgue measurable functions / : {a,b) —^M such that 

\\f\\Lna,by={l'\f{xWdxf<^ (3.1) 

for a < b and 1 < p < oo. Let us recall some definitions on Riemann-Liouville fractional 
integrals and Weyl derivative. 
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Definition 3.1. Let f 6 L^{a,b) and a > 0. The left-sided and right-sided Riemann- 
Liouville fractional integrals of f of order a are defined for almost all x G (a, h) by 



and 



respectively, where (—1)"" = e"*'^" and T(a) = e~''' dr is the Gamma function 

or the Euler integral of the second kind. 

Definition 3.2. Suppose I^j^(U') is the image of U'{a,h) under the operator and 
I^_{LP) is the image of LP{a,b) under the operator Let < q < 1, then we define the 
Weyl derivative for almost all x € (a, b) as 

^"+/(-) = (tP4^ + " r T^^^dy) (X) (3.4) 



r(l-a) V(a;-a)" {x - y)'^+^ 

when f € I^.^L^), and 



''^-^^") = f(r3^V(63^ + "l 7^3^^^JiK^)(-) (3-5) 

when f G I^JLP). 

The convergence of the integrals at the singularity y = x holds pointwise for almost all 
X € (o, b) when p = 1, and in L^ sense when 1 < p < oo. 

We now introduce the following notations in order to define the generalized Stieltjes inte- 
grals. Assuming the limits exist and are finite, let 

f(a+) = lim,\^o/(a + e), 
g{b-) = lim^\^o5(fe - e), 
/,+ (x) = [/(x)-/(a+)]l(,,fe)(x), 
gb-{x) = [g{x) - g{b-)]l(^a,b){x). 

Definition 3.3. Suppose that f and g are functions such that f{a+), g{a+) and g{b—) 
exist, fa+ G la+i^^) gb- G LIz°'{L'^) for some p, q > 1, ^ + |<1 and < a < 1. 
Then the generalized Stieltjes integral of f with respect to g is defined as follows, (using 
and (133]) ). 

f fdg = {-ir [' D^^fa+ix)Dlz''gb^ix)dx + f{a+Mb-)-gia+)]. (3.6) 

J a J a 

Remark that if ap < 1, under the assumptions of the above definition, we have / G L'^_^{L'p), 
and (j3.6p can be written as 

f fdg = {-ir [' D2^fa+{x)Dlz''gb^{x)dx. (3.7) 

J a J a 

For a < c < d < b, the restriction of / G L2_^_{LP{a,b)) to {c,d) belongs to L^_^{LP{c,d)) 
and the continuation of / G L"__^{LP{c,d)) by zero beyond (c, d) belongs to L^_^_{LP{a,b)). 

Thus, if / G L2+{LP) and gb^ G Llz°'iL''), then the integral jl^l(c.d)fdg in the sense of 
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()3.7p exists for any a < c < d < b, and whenever the left-hand side is defined in the sense 
of (13.71). we have 



rd r-b 

/ fdg= l^c,d)fd9- 

J c J a 



3.2. A priori estimates. We have the following basic estimates. Let 

1 



Aa(5) := 



r(l - a) o<?;<5<i 



sup mz^^g^-Ml 



Then 



1 



r(l - a)T{a) 



9 ||l-a,oo,0< OO- 



(3.8) 

(3.9) 
(3.10) 



If / G VF°'i(0, 1), and g G Wj""'°°(0, 1) then the integral /^f fdg exists for all ^ S [0, 1]. 
Also, by (|3.8p we have 

fdg = / / 1(0,5) d^- 

JU Jo 
Using p.7p we get 



Then 



Hence 



f fdg = {-ir ["^ D^^fiv)Dlz''g^-.iv)dv. 
Jo Jo 

sup |I)J:"55-(??)I \D^+firi)\dv. 

0<ri<^ Jo 



fdg 



< ^Ug) II / ||a,l • 



(3.11) 



4. Stochastic integrals with respect to a FBM 

Let us recall the following result, for details and proofs see jl9j . 

Lemma 4.1. Let {B^ : i] > 0} be a real-valued FBM of Hurst parameter H G (i, 1). // 
1 — H < a < ^, then 



E sup \dIz''B^_{j)\p <oo, 

0<7<r?<l 



(4.1) 



for all p G [1, oo). 

Let {B^ : r/ G [0, 1]} be a real-valued FBM, with the Hurst parameter ^ < H < 1, defined 
on a complete probability space (Jl, J", P). By (|2.ip . we have 



Ei\B^-Blf\^) 



|7/-7|2^, 



and for any p > 1 we have 

II < - < \\,= [E(K - Pf |P)]^ = cpb? - 7|^. 
By Lemma (|4.ip we know that the random variable 



G 



-—— sup |i);:"<_(7)l 

r(l - a) 0<7<r,<l ' 



(4.2) 



(4.3) 



has moments of all orders. 
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As a consequence for 1 — H < a < ^, the pathwise integral u^dB^ exists when 
u = {urj,r] G [0,1]} is a stochastic process whose trajectories belong to the space W"''^ 
and B^^ is a FBM with H > ^. Moreover, we have the estimate 



u^dB^^ 



< G\\u\ 



(4.4) 



5. Main results with proofs 
5.1. Main result. We state the main result of the present paper: 



Theorem 5.1. Let a € (1 — H,}-)- Assume that (p € P1^"'°°[0, 1] and the function A 
satisfies the assumptions Al, A2, A3, and A4- Then for every T > 0, there exists a 
unique stochastic process Y € L^((r2, J^, P), C([0, T], [0, 1])) solution of the equation 



As we already defined in Section 4, the stochastic integral wrt to the FBM is well defined 
pathwise. The above theorem will be proved using a contraction principle that will give 
us the existence and uniqueness of local solutions. In order to get the global solution, we 
will need to have an a priori estimate of the solution in some functional spaces. The proof 
will follow after several steps and will be stated in Section! 



5.2. Fixed point argument. Consider the operator 

F : c([o,r],VF"'°°[o,i]) c([o,r],VF"'°°[o, i]) 

defined by 

F{Y{t,0):=m + f [ A{Y{s,^))dg^ds, 

Jo Jo 



(5.1) 



0, 1] and A satisfies the assumptions Al, A2, 



wheregGC([0,r],l^oi-"'°°[0,l]), 
A3, and A4. 

Remark 5.2. Let us remark that the function g in the equation ()5.ip is a function of time 
t and 7 and the fractional integration is with respect to the parameter 7 G (0, 1). 

For a given i? > 0, let us define the ball Br^t in C([0,r], 1^"'°°[0, 1]) as 

Si?,T = {i^GC([o,r],w^-'-[o, 1]) : ||y|U,oo <i?}. 

Lemma 5.3. Given a positive constant Ri > ||<?5>||a,oo) there exists Ti > such that 
F{Bpij^^Ti) ^ Br-^^Ti- The time Ti depends on Ri, a and the initial condition ||0||q,oo- 



Proof. 



\F(Y)\l, 



tG[o,T],ce[o,i] V Jo - vr^' 



(5.2) 



Consider the first term inside the parenthesis in ()5.2p . We note that 



\F{Y{t,m < \m\ + 







A{Y{s,^))dg, 







ds 



< / {Aa{g)\\A{Y{s,-ma,l)ds, 

Jo 



where Aa{g) = r(T3^™Po<r;<C<i \D^_°'g^^{s,-f)\. 
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Further, 



\\A{Yis,-ma,i 

^ |^(r(g,7)l 

Jo T 



7o (7-<5)"+i 

1 r |y(5,7)-y(5,<^)| 



,M.y^7-.7 + M.^^^^ (7-.)- 



< 



1 -Q 

M2 
1 -Q 



sup 

\ s6[0,T],7e[0,l]-'0 



^\Yis,^)-Y{s,6)\ 



(7-5) 



(i5 d7 



+ Mi||y| 



Thus, we see that 



\F{Y{t,0)\ < \m\+T sup A^g) ( 

o<t<r \ i — a 

Now, we consider the second term in (j5.2p . 



(5.3) 



|F(y(t,0)-F(ni,^))l 



iC-v) 

« 1 



a+1 



dr] 



(e-^)° 



+1 



</'(0 - '/'(r/) + /* A{Y{s,^))dg^ds 

Jr; 







Jri 



1 



\a+l 



Again we consider the second term in (|5.4p and get 



A{Y{s,j))dg^ds 



A{Yis,-f))dg, 



drj 

dr] I ds. 



(5.4) 



1 



(e-r/)"+i 

< Aa(5) 



^(y(s,7))d9^ds 



+ 



\AiYis,^))\ 

(e-??)"+Hyr, (7-??)" 

« r |yi(y(s,7))-A(ns,5))| 



(7 - 5)"+i 

1 \AiYis,j))\ 

ii-vr^'Jv {.i-riY 



^7 

dddj j drj 
d'jdr] 



+ K{g)Mi 



1 



5 n|y(s,7)-y(5,5)| 



d5 d'jdr]. 



(5.5) 



First, we use the Fubini theorem on the first term in (15. Sp and then the substitution 
r] = J — — j)x. Thus, 



1 



i^-Vr^'Jv [l-r]) 



\A{Y{s,j))\ 



d'jdr] 
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10 Jrj 




^0 

^ \A{Yis,j))\ - v^^'h - n^^d^ ] dj 

^ |^(y(s,7))l (^(e-7)-'"y^' '{l + x)-"-'x--dx]d^ 
< \A{Y{s,^))\^{^-j)-'^ {l + x)-^-'x-^dx]dj 

where ba^ = B{2a, 1 — a) and B{p, q) is the beta function given by 



Now consider the second part in (]5.5p . We see that 

^"'\Yis,^)-Y{s,6)\ 



p 1 p n 

Jo W^W^Jv k 



(7 - 

'< i< n \Y{s,^)-Y{s,5)\ 



ddd'jdT] 



J r] J Tj 



jddd'jdr] 



/o Jo Jv (e-^)"+H7-<5) 

n \Yis,^)-Y{s,6)\ , 




JO JO 



Jo 



<a / (e-7) sup / — -— dSdj 

7e[o,i],se[o,T] Jo (7-'))"+' 





^ 1 1^1 U,oo gl-g 

~ Q;(l — a) 

Now using the estimates dSSI), ([53]) . (fOI) and (|577l) in dO]), we get 

l|i^(mU,oo 



< sup 

te[0,T],5G[0,l] 



|</.(e)|+A,(5)t( -^ + Mi||y|U,, 

1 — a 
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' K{9m^^l-2a ^ Aa(g)Mi||y| 

1 — 2a a{l — a) 



< sup 

tG[0,T],Ce[0,l] 



Ce[o,i 



1 — a 



, A„(5)Mi||y|| 



1 - 2a 



a{l — a) 



Ma 



+ Aa{g)t h Mi||y||Q, 

1 — Q 



< sup 

tG[0,T],Ce[0,l] 



1 - 2a 



< 



a,oo + T sup Aa{g) 
0<t<T 



a(l — q) 
Mo ^ 



+ 



Uce 



1-a I -2a 



+ Ml 1 + 



a(l — a) 



|y| 



a,oo 

+ r&(,2)[i + ||y|| 



where 6, 



(2) 



Mo ( ^ + 



+ +Mi 1 



1 



a(l— q) 



SUPo<t<T Aa(fi')- 



It is enough to choose Ti = with i?i > ||(/>IU,oo to get that C Br^. 

This completes the proof. 

□ 



Now in order to prove that the operator F is a contraction, we will need the following two 
propositions. 

Proposition 5.4. Let f € C{[0,T],Wq'^[0,1]) and g G C([0, T], Wo""'°°[0, 1]). Then, 
for all ^ G [0, 1] and t G [0, T] 
ft 



JO 



f{s,j)dg^ds 



t rrj 

f{s,j)dg^ds- I / f{s,j)dg^ds 
Jo 



drj 



Jo Jo Jo 

< sup A„(5)6(3) f A(e-7)-'" + 7-°]fl/(s,7)l 

0<i<T JO JO \ 

Jo (7-*)"+' / 

where is a constant which depends on a, its explicit expression is given below. 
Proof. Let < rj < C < I. Then, 



/ f{s,l)dg^ds- I I f{s,j)dg^ds 
Jo Jo Jo 

f{s,j)dg^ds 



Jri 



f{s,l)dg^ 



ds 
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f\D'^^f{s,j)Dlz''g^_{s,^)dj\ 
Jo 

« 1/(^,7)1 



< sup Aa{g) 

0<t<T 



« n 



\Jv {l-^Y 



d'y + a 



|/(.,7)-/(s,5)| 



(7-5) 



a+l 



d6d-f ds. (5.9) 



We multiply (j5.9p by (^ — r/) ^ integrate from to ^, use Fubini's theorem and we get 




f{s,7)dg^ds 



t f-r, 



(e-r/)"+i 

< sup A„(5() / / -- — - 

o<t<T Jo Jo [C-vr^^ 



10 JO 




JO 

« l/(«,7)l 



f{s,7)dg^ds 
d'y 



dr] 



+ a 




< sup Aaig)( III 

0<t<T \J0 JO Jri 



1/(^,7)1 



+ a 



rt /■? /■? n |/(s,7)-/(s,5)| 



djdrjds 



-'0 -'jj -'jj 



dSd^yd-qds 



(e-r/)"+i(7-<5) 
Consider the first term on the right side of (|5.1U|) : 

''\i-^r''~\l-Vr''\f{s,l)\dldr^ 

^ ''\^-vr''-\i-vr''\fis,i)\dvdj 
f.7 




Jr^ 



Jo 



l/(s,7)l ^ - ^)"""'(7 - ^)""d^J ^7 
using again the same substitution used in (I5.5p . we get 

<b^a^ /^/(5,7)l(e-7)~'"^i7. 

JO 

Now, consider the second term on the right side of (|5.10p : 

dSdrjd'y 



r-? n n \f^s,^)-f{s,5)\ 



JO Jt) 



(^_^)a+l(^_5)a+l 

« \f{s,i)-f{s,5)\ , 

(e-.)-^(7-5)-^'^'''^ 




'0 JO 



< a" 



r 1/(^,7) -/(^,5)l 

lo Jo 

1 r\f{s,^)-f{s,5)\ 



Jo 



(e-7) 



(7 - 5)"+i 

1/(^,7) -/(^, 5)1 



(7-5) 



(^-7?)"""idr? 
(^-7)-"d5d7 
dSd'y. 



ddd'y 



a+l 



(5.10) 



(5.11) 



(5.12) 
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Using (fSJOj) dSTTT]) and (|5?T2]l . we obtain 



f{s,'y)dg^ds 



Jo 

t 



t i-q 



JO 





< sup K{g) r (bW r|/(s,7)|(e-7)~'°d7 
0<t<T Jo V JO 



f{s,-f)dg^ds 



drj 



+ / (e-7)" 

'0 



By (j5.9p we have 



(5.13) 



JO 



f{s,l)dg^ds 



< sup A,(g) r f [^\ii^dj+a f r 

o<t<T Jo \Jo 7 Jo Jo 

From (j5.13p and (j5.14p . we have 



1/(^,7) \ , 



(5.14) 



JO 



f{s,-f)dg^ds 



+ 



1 



(e-^) 

i 



a+l 



/ fis,7)dgjds- / / f{s,j)dgjds 
Jo Jo Jo 



using the fact that a < 7 " and tt 7^ < 



(e - 7)" ^ - 7)2" 

< sup AUg) f /V[6i')(C-7)-'" + 7-"]|/(s,7)l 

0<t<T Jo JO V 



we get 



< sup A,(g)6(f) r /■Y[(e-7)-2"+^-"]|/(s,7)| 

0<i<T JO Jo V 

+ iK-,)-^^^,-^i^-' i/(y>-/(f)i ,,),,,. 



(5.15) 



where fe^f^ = max{l, 6^ ''}. This completes the proof. 



Jo 

(1) 



'^\f{s,l)-f{s,5)\ 



d6 j djds, 



□ 



Proposition 5.5. Let ft, : M — t- M 6e a function satisfying the assumptions A3 and A4- 
Then for all N > and \Xi\, \X2\, IX3I, \Xi\ < N for all Xi,X2,Xz,Xi G M, 

\h{Xi)-h{X2)-h{X^) + h{Xi)\ 

< Mi\Xi -X2-X3 + X4I + Mn\Xi - XsKlXi - X2I + 1X3 - X4I). (5.16) 
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Proof. Using the mean value theorem, we get 

^^""'^ ~ ^j""'^ = h'{ex, + {i-e)x,) io<e<i) 

Ai — A3 

= h'{/3) where (3 = 6X1 + {I- 0)^3, Xi < f3 < X3 
1 rXs 

= Y ^ / ^'(^)^^- 

-^3 — -^l JXi 

Usmg the substitution 7 = OXi + (1 — 0)^3, we get 

h{Xi) - hiXs) = (Xi - X3) r h'iexi + (1 - e)X3)d9. (5.17) 

^0 

Similarly we get 

h{X2) - HXi) = {X2 - X4) / h'{ex2 + (1 - e)X4)d9. (5.18) 

Jo 

By (f5l71) and (f5l^ we obtain 

\h{Xi) - h{X2) - h{Xs) + h{Xi)\ 

= (X1-X3) / h'{exi + ii-e)X3)de-{X2-x^) [ h'{ex2 + {i~e)Xi)de 

Jo Jo 

= [ {X1-X2-X3 + Xi)h'{ex2 + (1 - e)Xi)de 

Jo 

+ f (Xi - X3)[/i'(0Xi + (1 - e)X3) - h'{9X2 + (1 - e)X4)]d9 

Jo 

< Mi\Xi - X2 - X3 + Xi\ 

+ \Xi-X3\ [ \[h'{9Xi + (1 - 9)X3) - h'{9X2 + (1 - 9)X3)]d9 
Jo 

+ |Xi - X3I / \[h'{9Xi + (1 - 9)X3) - h'{9X2 + (1 - 9)Xi)]d9 
Jo 

< Mi\Xi -X2-X3 + X4I + Mn\Xi - X3I (^\Xi - ^2| ^ 
+ \X3-X4\j^ 9d9^ 

< MilXi - - X3 + X4I + Mn\Xi - X3\{\Xi - X2\ + 1X3 - X4I). 

This completes the proof. □ 

Lemma 5.6. Given a positive constant R2 > \\(p\\a,oo, there exists T2 > and a constant 
< C < 1 such that, 

-F(y2)|U,oo < C\\Yi - Y2\\a,oo 

for all Yi,Y2 e Br^^t2- 

Proof Recah FiY{t,C)) = + Jo fo MY(.s,l))d9'yds. Then, 

F{Yi{t,0)-F{y2{t,0)= f [\a{Yi{s,j)) - A{Y2{s,j))]dg^ds. 

Jo Jo 

Using the expression (15. 2p and Proposition 15. 4^ we have that 
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\\F{Y,) - F{Y2)\U 



< sup A„(5)6« sup / / [(e-7)"'" + 7""] 
0<t<T te[o,T],5G[0,l] JO Jo 

-< \A{Y^{s,^)) - AiY^is,^)) - {A{Y^{s,r,)) - A{Y2{s,ri))}\ 



|^(yi(s,7))-^(l2(s,7))l 



+ 



(7 - VY^^ 

< sup A„(5)6ii) sup r /■^[(e-7)-2" + ^-"] 

0<t<T te[0,T],CG[0,l] JO JQ 

-< \A{Y^{s,^))-A{Y2{s,^))-A{Y^{s,7^)) + A{Y2{s,m 



drj 



d'jds 



Mi|(yi(5,7))-(y2(5,7))l 



+ 



By Proposition 15.51 we get 



(7- ^) 



a+l 



dr] 



d'yds. 



\\F{Y,) - F{Y2)\\a,oo 

< sup A«(5)6« sup r + 

0<t<T tg[o,T],5e[0,l] JO JO 

r 1^1 7) - Y2 (g, 7) - yi r?) + y2 r?) I ^ 

+ M^|yi(s,7)-y2(s,7)l 



Mi|yi(s,7)-y2(s,7)l 



JO 







Using the notation 
AiYj) 

we get 



sup 

se[0,T],7G[0,l] Jo 



(7 - ^)"+' 

^|y,-(5,7)-yi(5,r7)| 



d'yds. 



ii-v) 



a+l 



dr], j£{l,2}, 



\\F{Y,) - F{Y2)\l 



< sup A,(g)6« sup / / [(^-7)-2" + ^-"i 

0<t<T tG[0,T],gG[0,l] JO JO 

|yi (s, 7) - Y2{s, 7) - yi {s, v) + y2(g, r?) | 



d'yds 



Mi|yi(s,7)-y2(s,7)| 



Jo (7 - 

+ Af;v|ll(s,7) - y2(s,7)l(A(yi) + A(y2)) 



< 



sup A,(ff)6W6(^) sup / /■[(^_^)-2- + ^-i 

3<t<T tgro,Tl,fe[0,ll JO JO 



0<t<T tg[o,T],ge[0,l] . 

^ |yi(s,7)-y2(s,7)-yi(s,r/)+y2(s, 





|yi(s,7)-y2(5,7)l 



(7 - ^)"+^ 

where 5^^) = (Mi + MijJ(l + 2iii). Hence, 



-drj 



d'yds, 



\\F{Y,) - F{Y2)\\. 
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te[0,T],5G[0,l] ^0 Jo 



< sup A,(g)6W6(4) sup r A(e-7)-2°+^-"] 

0<i<T (gfo,Tl,£GfO,ll Jo JO 



X sup |Yi(s,7) -y2(s,7)l 

tG[0,T],56[0,l] V 

X r in(».7) - r.(».T) - ms,,) - v-^i^..,)}! \ 

Jo (7 - vr^ J 

= sup A„(g)6«6(4) sup / / [(e-7)-2°+7-"]||yi(s,7)-y2(s,7)l|a,ood7^is 

0<t<T fg[o,T],ge[0,l] JO JO 

= sup A,(g)6«6('^)||yi-F2||a,oo sup + i h 

o<t<r (g[o,T],5G[o,i] V - ^« i-ay 

< sup A.(g)6W6W . Tllyi-y^lkoo 
o<t<T (l-2a)(l-a) 

= 6(5)r||yi-y2lU,oo, 

where 6(5) - ^(1)5(4) 2-3« 

Choose T2 such that b^^^T2 = C < 1. This completes the proof. □ 
Now, we are able to state the following theorem: 

Theorem 5.7. LetO< a < ^, g e C{[0,T],Wq~°''°°[0, 1]). Consider the integrodijferen- 
tial equation 

Y{t, = m + f r ^)^^ (5-19) 

JO JO 

where t G [0,T], ^ S [0, 1]. Assume that A satisfies assumptions Al, A2, A3, and A4 and 
that 4> G W"'°°{[0, 1]). Then, there exists Tq > such that the above equation has a unique 
solution 

Y G c([o,r],VF"'°°[o,i]), 

for all T <Tq. 

Proof. Choose Tq = min{ri,T2}, and R = min{i?i, i22}- Then, using Lemma 15.31 and 
Lemma 15.61 the operator F is a contraction on -B_r,t for all T < To and this completes the 
proof. □ 

Now, we can show that the solution of ()5.19p is global in time. 

Theorem 5.8. Let 1 - H < a < ^, g e C([0, T], PFi-°'°°'°[0, 1]). Assume that A satisfies 
assumptions Al, A2, A3, and A4 and that (p G W"'°°{[0, 1]). Then for all T > 0, there 
exists a unique Y G C([0,r], VF"'°°[0, 1]) solution of (l539l) . 

Proof. It is enough to get an estimate in C([0, T], 1^°'°°[0, 1]). We can write 

||y(t)IU,oo = sup fy(t,0+ r ^^^If '^i^i^^^ dv) . (5.20) 
5e[o,i] V Jo I? - / 

Consider the first term on the right side of the above equality. 



\Yit,o\<\m\ + 







A{Y{s,i]))dg{s,rj) 







ds. 
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\Y{t,o\ < \m\+ / M9)t 







1 — a 



+ Mi\\Y{s)\\a^oods 



(5.21) 



Consider the second term. We have 
K \Y{t,^)-Y{t,r,)\ 







« 1 



< 



< 



JO JO 

^i<^(o-<^(r/)i ^« 



A{Y{s,j))dg^ds- ( ,/.(r/) + 
5 



JO 



A(y(s,7))d(7^ds 



(e - 



+1 



dr] + 



JO 



dsdr]^ 



(e-r?) 



a+1 



^(y(s,7))(i97 



drjds. 



From (|5.6p and (j5.7p we obtain 

|y(t,0-y(t,r7)| 

(e - vr^' ^ 



< 



1 — 2a 



Ml 



a{l — a) 



\y{s)\\a,ooC 



1-Q 



ds. 

(5.22) 



By (lOTD and ([5:22]) we get, 

limiU,oo 

\^ \^ 1 - a 1 - 2a 
By Gronwall's inequahty we obtain, 



a, 00 



(1) 



+ Ml 1 + 



1 



a(l — q) 



\Y{s)\\a,oo ds. 



\y\\a,oo < ||(/'IU,ooexp(i^r), 



where K = supo<«y 



M9 



1 



l-a ' l-2a 

Hence, the local solution is global in time. 



^1(1 + ^ 



(1"") 



□ 



5.3. Proof of Theorem l5.ll For every t € [0,T], the random variable G = r(i-a) supo^.^<;g^i |(L>|_"i?^_)(t, 

has moments of all orders by Proposition l4.1[ Hence, the pathwise integral A{Y{t, r]))dB^{t) 
exists for 1 — H < a < ^ and the existence and uniqueness of solutions follows from The- 
orem [5]H] which completes the proof. 
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